International Journal of Innovative Research and Practices

ISSN 2321-2926

Vol.1, Issue 6, June 2013

BASICS OF MENGER SPACE AND THEOREMSRELATED
TO MAPPING WITH CONTRACTION IN MENGER SPACES

L. Vijaya Kumar

Faculty of Mathematics, Dr.B.R.Ambedkar University-Srikakulam, Andhra Pradesh, INDIA

Abstract: The intent of this paper is to various issues gidar norm * Metric space, probabilistic metric

space (PM — Space), Menger Space, probabilistici sermetric space (PSM-space), various kind of

contractions, self mappings and related theoremndifferent types of contractions, t-norm, commoded

point, PM spaces.

Keywords: t-norm, Menger spaces, Metric spaces, PM-spaced;dpaces, contractionSelf mapping.

1. Introduction

This paper contains the notion of metric space is
always plays a fundamental role, since continuity i
analysis for real and complex functions, depends
upon the notion of distance and the generalizagifon
analysis totally depends upon to study the cortynui
Metric space was introduced by French
mathematician M. Frechet, since then there
corresponds several generalizations of metric space
in the literature the concept of alternation dis&n
function has been used by many authors in a number
of works. Analysis is an important branch of
mathematics that was created in the seventeen
century during scientific revolution. Functional
analysis appears as a rather complex blend of
Algebra and Topology. It does not have only great
influence in mathematics but both pure and applied
mathematicians are dealing with the nonlinear
equations, which have great influence in physical,
social, engineering and different technologicaldfse
Analysis has been classified into two major brasche
linear and non-linear analysis. It is a probahdist
generalization in which assign to any two points x
and y, a distribution functiog,, studied this concept
and gave some fundamental results on this space.

The purpose of this paper is to study briefly on
Menger spaces and various kinds of contractionf, se
mappings, and related theorems on different types o

www.forumd4researchers.com

contractions, t-norm, metric space and its assediat
properties with some fixed point results.

2. Préliminaries

Definition 2.1: A triangular norm * is a binary
operation on the unit interval [0,1] suchthat fdr a

a,b,c,d € [0,1] the following conditions are
satisfied.
i) ax1l=a
i) ax*b=b=xa
iii) a*b < c*dwhenevera < candb <
d

iv) ax(bxc)=(axb)xc

Triangular norm is often known as t-norm and aiso t
norm is a function

G:[0,1] x [0,1] = [0,1]which is
associative,commutative, non  decreasing in
eachcoordinate an@(a, 1) = afor alla € [0,1]
Examples of t-norms are

i) a*b =min{a, b}

i) a*b =maxf{a+ b — 1,0}

ii)asb=axbhb

And also a t-norm is a 2-place function.
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Definition 2.2: A distribution function is a function
G: [_wﬁ OO] - [Oll]

Which is left continuous on R, non-decreasing and
G(—»)=0,G(0) =1

We will denote byA the family of all distribution
function on[—oo,]. H is a special element df
defined by

_(0ift<0
H(t)_{lift>0

If X is a nonempty sel; X xX - A is called a

probabilistic metric space (PM — Space)Xfis a

nonempty set ands is a probabilistic distance
satisfying the following conditions:

forallx,y,z € Xand t,x > 0.

i) Gey®) =1 ©&x=y

ii) Gey(0) =10

iii) Gry = Gy

iv) Gey(t) = 1,6y () =1
Gey(t+s5) =1

The ordered tripl€X, G,*) is called Menger space if
(X,G) is a PM- Space, * is a t-norm and the
following condition is also satisfies

forallx,y,ze€ Xandt,s >0
Gry(t +8) = Gy (t) * Gy ()

If only (i), (ii) and (iii) hold, then (X, G) is sd to be

a probabilistic semi — metric space (PSM-space). We
note that every symmetric(semi-metric)space (X, d)
can be realized as a probabilistic semi - metracsp
by taking

G: X X X —» Adefined by
d(x,y))Vx,y €X.

Gyy(t) = H(t —

For every PSM- spad&,G) we can consider the
sets of the form

Ues ={(s,y) € X xX/E,(€) > 1 -4}

The familf{Uca}esoae01) Q€NETates a  semi
uniformity denoted by,and a topology; called the

F-topology or the strong topology. Namely,
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A€eT;if vx € A3eE>0and A € (0,1)
3 Ugy c AU;

Is also generated by the gamils}ss, where
Vs =Vss

In it is proved if sup,so(t*t) =1 then U; is

uniformity, called F-uniformity = which is
metrizable.The G-topology is generated byG-
uniformity and is determined by theG-

convergencer, »< G, x(t) — 1Vt > 0.

Definition 2.3: A t-norm * is continuous if for all
convergence sequendes, ey and {V nen

We have lim,_ X, * lim,_ . ¥, = lim,_,(x, *
Yn)

Definition 2.4: Let (X, G,x) be a Menger space and *
be a continuous t-norm.

A sequencgx,} in X is said to be converge to point
in iff for everye> 0 and 1 € (0,1) and there exists
an integerny = ny(€,1) such thaf,,,(€)>1—
AVn =n,

A sequencgx,} in X is said to be Cauchy if for
everye> 0 and A € (0,1) and there exists an integer
ny =ny(€,1) such thaf, (€)>1-A4Vn=

Xn=p

npand p > 0

A Menger Space in which every Cauchy sequence is

convergent is said to be complete.
Definition 2.5: A topological space is called
separable if it contains a countable

dense subset, that is, there exists a sequengg-,

of elements of the space such thatevery nonempty
open subset of the space contains at least oneertem
of the sequence.

Definition 2.6: Let (X, G, *) be a Menger space and
* be a continuous t- norm.Then, a sequeficgin a
Menger space (X, G,*) is said to converge to a poin
x inX, if for every €> 0 and 1e€(0,1) there is an
integer ny, = ng(e,A)such  thaby, x,(e) > 1 —
A,¥n = n,.lt is noted that the limit of a convergent
sequence in

PM-space is always unique.
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Definition 2.7: A PM space X is said to be compact
if every sequence in X has a
convergent subsequence.

Definition 2.8: Let f: X - X be a mapping. A point
x in X is a fixed point offif, f (x) = x.

Definition 2.9: Let M be a set and the distance
functiond is a mapping fronM x Minto set of non-
negative real numbemt), satisfying the following
conditions

i. d(x,y) >0 for x £y,
(Non-Negativity)

ii. dix,y)=0iff x =y,
(Identityof Indiscernibles)

iii. d(x, y) = d(y, X), (Symmetricity),

iv. d(x, 2 <d(x,y) + d(y, 2),
(Subaddivity/Triangular Inequality),

V. d(x, 2) <d(x, y) U d(y, 2),
(Strong Triangular Inequality), and
Vi. d(x, X) = 0, (Reflexivity).

Then, the pair (M, d) is called
1. Metric space if it satisfies conditions (i),)(iiii)
and (iv).

2. Pseudometric space if it satisfies conditions (i
(iii), (iv) and (vi).

3. Quasi-metric space if it satisfies conditions ({i),
and (iv), and

4. Semi- metric space if it satisfies conditions (i)
and (iii).

Definition 2.10: Let (X,G)be a PM space. A
mapping T:X — Xis a contraction mapping on
(X,6)if and only if there existsa belongs to
(0,1)such that GTp_Tq(t) = Gy (t/a)where p,q €

X andt > o. And a self mapping f on a PSM space is

called B-Contraction, if there is ge(0,1)such that
for all pointsp,qin S and for all

x>0 Gfp;fq (t) = Gp,q (x)

Definition 2.11: Let (S,G) be a PM space. A
mappingT: S — Sis called H-contraction.
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If there exists k belongs ta(0,1) such that
Gy, r,(kx) > 1 — kt

wheneverG, ,(x) > 1 —t, wherep,q € X &t > o.

Definoition2.12: Let f, g are the self mapping on a
metric space (X,d) are said to be weakly
commutative ifd(fgx, gfx) < d(fx, gx)vx € X.

Definition 2.13: Let f, g are the self mapping on a
metric spacéX,d) are said to be weakly compatible
if whenever{x,} is a sequence in X such that both
{fx,Hgx,} are convergent to a same point x in X

thend(fgx,, gfx,) = 0.

Definition 2.14: Every metric spacgM,d) is a
menger space (M, G,min)here the mapping
G(x,y) = Gy, is defined by G,,(s) =H(e—
d(x,y)), and H is the distribution function defined

_(0ife<oO
by H(E)_{lifs>0

The spacdM, G, min) is called the induced Menger
space.

3. Mainresults

Theorem 3.1: The mappingf:S—S is an H-
contraction on the PM space

(S, G, t)Witht > tMif and only if f is a contraction
on the metric spags, f)with this Condition > t™,

H- contraction on complete PM space has a fixed
point, but it is not true for B-contraction. So,i#
clear that B-contraction need not be H-contraction.
Also, H-contraction need not be B-contraction.

Theorem 3.2: If f is B-contraction on the PSM
spacésS,G) and if the distributionFuncticﬁ}p_fq is

strictly increasing on [0, 1], th@{f,, f;) < B(p, @)-

In this section, we state some fixed point resfdts
single self maps in PM and PSM spaces.

Theorem 3.3: A sequencep,} in a PM space X
converges to a point p if and only if for eversR we
havelim F,, (x) = H(x).

Theorem 3.4: Let (E,G,A)be a complete PM space
with a t-normA satisfyingA(t, t = t)for all te[0,1].
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Let T: E - E be a mapping Withrpqu(t) =
Gpq(t/k(a,p)) for all p,gqeXand t=0.and
a,f € (0, +oo)with G, ,,(a) > 0 andG, ,, < 1where

k(a, B): (0, +0)% - (0,1)is a function, then T has

exactly one fixed point in E. In the sequel the
mapping T that has satisfied above equation igdall

generalized contraction mapping on E.

Theorem 35 Let (X,G)is a PM
andx: [a, B) — [0, ) is strictly increasing and

space

satisfyingr(0) = 0 and a(t) <tVvt > 0.If x,yare
two members in X such that

F,y(a(e)) = .y (e)andve > 0, thenx = y

Theorem 3.6: Suppose(M, d)is a complete metric
space and S, T,A,B are four self maps on M satigfyin
the following

(i) SM € BMand'M < AM
(i) (S, A)andT, B)are compatible pairs
(iii) One of S, T, A and B is continuous

(iv) There exists an upper semicontinuous function
m:[a,B) = [0,0) with 7(0) = 0andz(t) < t, for

t > Osuch that fore > O0andc,y e M, if n(e) <
d(Sx, Ty)then either

¢ < max {d(A4x, Sx),d(By, Ty) or
2¢e < max {d(Ax, Ty),d(By, Sx)}.

Then S, T, A and B have a unique common fixed
point.

Proof: Assume that for any > 0 and for any,y €
Mif &> max {d(Ax,Sx),d(By,Ty) thenn(e) >
d(Sx,Ty). We now that for anyr,y € Mand any
€ > Olndeed.

Let x,y be any two points in M angbe any positive
number.

In cases > max {d(Ax, Sx),d(By, Ty)

Then we have H(e —d(Ax,Sx) =
d(By,Ty)andt(e) > d(Sx,Ty).

1 =H(e—-
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So the following inequalities are hold.

Theorem 3.7 Let (X,G,x)be a complete Menger
space with+t >tvte[0,1] and let A and L be
compatible maps on X such thék) € A(X). If Ais
continuous and there exists a congtaat(0,1)such
that

GExLy (kt) * [GAxLx (kt)- GAyLy (kt)]
2 PG axrx(t) + qGax1x ()] Gaxry (2kt)]

For all x,y € X and t > Owherd < p,q < 1such
that p + g = 1then A and L have a unique fixed
point.

Theorem 3.8: Let (X,d) be a metric space, and let
T: X — Xbe a selfmapping oX.

DefineG: X X X —» L by
[G(p, D] (x) = Gpq(x) = H(x — d(p,q))
Vp,q € Xandx € R, where {6, ,:p,q € X} C L.

Example:Suppose that t-normt:[0,1] x [0,1] —
[0,1]is defined byt(a,b) = min {a, b}for alla,b €
[0,1]Then,

i. (X,G,t) is a Menger space

ii. If (X,d) is T orbitally complete, then
(X,G,t) is T orbitally complete.

Note: Menger space generated by a metric is called
the induced Menger space.
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